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The equilibrium position stability of an autonomous system of ordinary differen- 
tial equations is considered in the case of n pairs of pure imaginary roots 

with the simultaneous presence of several resonances. It is shown using 
Chetaev’s theorem [l] that when among the solutions of the model system there 
are increasing solutions of the invariant ray type, the complete system is 
Liapunov unstable. 

Let us consider the system 

. 
x* = Ax* + x, lx*), x, (Q = 0 1) 

where X* and X* are 2n -dimensional vectors of space E2,,; A is a constant 
square matrix with pure imaginary eigenvalues * io, (as > 0, s = 1, . . . , n) 
among which there are no multiples, and X, (ST*) is a holomorphic vector function 
of x* whose expansion in powers of x* ‘begins with an m- th order form. 

Let system (1) have p > 1 resonance relations of the form 

(Q, P,) = 0, v = 1, . . .) p (2) 

62 = (01, - - -, og), Pv=(pvl, * * .,Pq) 

Pvl = g,Pvi, = k, k=m+1>3 

where Pv is a vector of dimension Q (q < n) with integral mutually disjoint com- 
ponents, and k is an odd number. 

The stability of equilibrium position of the autonomous system (1) with condition 
(2) was investigated in [2 - 61 in the first nonlinear order. Below we consider the 
equilibrium position stability of the complete system (1) when condition (2)is satisfied. 

Using the special linear transform it is possible to reduce system (1) to the form 

i = iox + x (x, y), y’ = -ioy + y (5, y) (3) 

where x and y are complex conjugate n-dimensional vectors: o is a diagonal 
n X n matrix, and X (x, y) and Y (x, y) are holomorphic complex conjugate 

n -dimensional vector functions whose expansions in powers of z and y begin with 
m -th order forms. 

Using the nonlinear normalizing transform we can reduce system (3) in polar co- 
ordinates rs, cps (S = 1, . . ., n) [S] to the form (equations for (pa are omitted) 

(4) 
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P 4 

0,’ = cc 
i=l j=l 

y RiQij’ (ei) + 0, (r, up) 

j=l,..., q; v=l,. ..,p; a=q+1,..., n 

I=1 j=l 

Qvj (0,) = uV~ cos 6, + bvj sin 0v, Qvj’ = dQvj I a& 

r = (r-1, . . . , rn), cp = (cpl, . . ., rp,), @V (F, cp) - 0 (11 r Il(k-l)/e) 
rs Cry cp) - 0 (II r p+1q, s = 1, . . . , n 

Qvj (f3,) E 0, if pvj = 0 

In the corresponding model system 

rs (r, ‘p) z 0, 0, (r, cp) 3 0 (s = 1, . . ., n; V = 19 - - .7 PL) 
For the model system to have an increasing solution of the invariant ray type 

rj = kjb (t), kj>O, 6’=2bk/z, j=l,. . .,q 

0, = eve = const, v = 1, . . ., p 
(5) 

it is necessary and sufficient that 

kj = 2 R,OQ,~O > 0, f’, 9, 1 J’vj 1 YQijo’ = 0 

v-1 is1 j=l 
3 

Rv” = Rv (kl, - . ., kq), Qvj’ = Qvj (0,“); 
j = 1, . . . , q; v = 1, . . ., p 

(6) 

Indeed, by substituting the solution of form (5) into the model system and setting 

b’ = 2bk 1 s (7) 

we obtain the required relations (6). It is, on the other hand, evident that the solu- 
tion of form (5) of the model system exists, if kj > 0 (j = 1, . . . , q) and 

e; (Y = 1, . . ., p) satisfying (6) can be found. Function b (t) is then obtain- 

ed from Eq. (7). 
We introduce the notation (ash is the Kronecker delta) 

A,, = 5 St&h - =$3h, Ag, n+v = Stf; 
V=l 

A n+v, f3 = ii (Tti”Ktp - Lip), -&+v, n+i = - Tti” 

K,, = i__ 
2 1/q - lJ I++1 

’ 

[C 

I P,OI Qi;' 
Lvig = vR& 1=8+1 k, - 

(q-B) I Pv~ I Qie“' 
ks 1 
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fi,h=l,..., q-l; v,i=l,..., p 

T h e o r e m. If we assume 

det 11 Au6 - N&g 11 # 0, N = 1, 2, . . . (II, g = 1, * . ., n i- p; (8) 
v, 5 # 4, . f l , 4 

and that the respective model system has an increasing solution of the invariant ray 
type (5), then the equilibrium position of the complete system (4) is Liapunov unstable. 

P E o o f, We introduce in (4) the generalized n -dimensional cylindrical co- 
ordinates p, *s(@= 1, . . ., q - j),ra(a = q + 1, . . ., n) defined by form- 
ulas j-1 

r1 = klp cos $1; r-j=kjf3cos$jjJsin$r, j=Z,...,q--1 (9) 
I=1 

4-l 

re = kqpn sint&; ra = ray a=q+f,...,n 
I=1 

The following values correspond to the increasing solution of form (5) in the co- 
ordinate system (9): 

q’s = %A cos *so = (q - /!I + I)-‘Jr, sin 9s” = 

#3=1,...,q--1 

We linearize the new system with respect to variables Qs, 8, 
hood of point *so, 0,” taking into account conditions (6), apply 

2OfY) 

$6 = $a” + rgi W” ‘$1 B=l,...,q--1 

Nl+Y) 
v=l,...,p 

in the neighbor- 
the transformation 

where csr and d,! are some constants and y is a parameter defined below 

and, allowing for (8), obtain a system of the form 

p’ = ~w~J~+W*,V~P) 

eV*’ = Xpk “-’ (“s An+,, h$h* + i An+%‘, n+&*) + z%+, (r*, $*, Cp) 
ha1 i=l 
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. 
ra = Fa (r*, **> ($1 
fj = I,, . ., q - 1; Y = 1, * . .) p; a = q + 1,. . ., n 

r* = (p, rqtl, . . .) rn), 9* = (91’~ . . ., II,*-d, 0”= (@I*, . . 
OF*), x ==: qww 

F (;k, 9*, cPf = F(*) (r*, $*, cp) + pk12 Fc2) (r*, $J*, cp) 
F(‘) - 0 (Ii 5 if (kt1)‘2), F@) (O,q*, rp) - 0 QI (9*, @*I JJ) 
Fv (r*, **, 9) = F,(l) (ry 9*, cp> + P-‘Q’v@) (r*, 9*, cp) + ,.? 

pk/2--1Fy(3) (r*, q*, cp) 

F,,(l) - o (jJ r* JJ(k-1)‘2), FJ2) - 0 (11 r* Il@+l)“), 

Fvf3) (0, **1 cp) - 0 (II N*? e*) 112) 
Fu (p, 0, . . 0) - (p(k~l)/~iY), Q = 1, * . . , n + p 

(u#it, - * *, 4 
F, (r*, $*, cp) - 0 (II T-* II(k+1)‘2), a = Q -I- 1, . - ., n 

Let us consider functions 

J7 = p, w;, = Ij$*a - pW*v) 

W - &*a - $WY), W-v - wa = r-(.&s - pww 

fi = 1, . . ., q - I; Y = I, . . ., p; a = q + 1, . . ., n 

The inequality VV’ > 0 is satisfied in the cone KX containing the increasing 
solution of the model system for 0 < 11 r* II< -i7 (z is fairly small). The cone 
Ka is determined by the inequality 

max WL < 0, I = 1, . . ., n + p (c # 4) 
I 

Continuing our reasoning in conformity with [7] (Theorem 3. l), we determine 
with an accuracy to terms of order p’/*+Q the derivatives 

*+rr 
wuo‘ = Zxp” Kg A& - 2 t*+ $91 

w,; = -4xp” (1 + y); cr=2y+kf2+1, IS,I\<i 

u, 5 = 1, . . .) 7h + p (u, 5 # 4, . . ., 4; a = 4 + 1, . . ., n 

It is obvious that for all admissible values of 
p < z we have 

66 , and fairly large y and when 

W,o’<O, L=l,..-,n+p(~#d 

Hence functions V and W = max Wt (c = 1, . . . , n f p; b # 9) satisfy 
Chetaev’s theorem on instability [l]. The theorem is proved. 

E x a m p 1 e. Let us consider the interaction of two resonances 

Wr f OS - CO3 =o, 2oi-r&=o 

of which the f=t is strong and the second weak (in the terminology of [5] >. Let the 
model system be in this case of the form 

rl’ = 2br, I/G sin 0r + 2bal 1/F4 sin 0, 
(10) 

r ,,’ = 2b,,, jf/)Lll*2r3 sin Or (y=2,3), t,‘=2b,~~,sinfta 
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% = 4)1 + ‘P* - (p3, 8, = 2~ - ‘PP 
(sign bljblh = 1 (i, h = 1, 2, 3); sign belbaa = -1) 

which has the following increasing solution: 

PI = I b&&fi8 I b @I, ~4 = I bn I 4& (4 
= 1 by I (I 4ih I + I 41&a IN (8, 

z = (-4)“1 (n / 2) sign bv1, 
Y = 2, 3 

v= 1,2 

Consequently, in conformity with the proved theorem, the equilibrium position 
of the complete system, to which corresponds the model system (lo), is Liapunov un- 
stable for all nonzero parameters bvj , except those that satisfy the condition 
I bslbar / blab,3 1 =I: N (N = 2, 3, . . .)a 

The author thanks V. V. Rumiantsev for formulating this problem. 
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